We numerically investigate dynamical property in the one-dimensional tight-binding model with long-range correlated disorder having power spectrum 1/ f α (α :spectrum exponent) generated by Fourier filtering method. For relatively small α < α c (= 2) time-dependence of mean square displacement (MSD) of the initially localized wavepacket shows ballistic spread and localizes as time elapses. It is shown that α−dependence of the dynamical localization length (DLL) determined by the MSD exhibits a simple scaling law in the localization regime for the relatively weak disorder strength W. Furthermore, scaled MSD by the DLL almost obeys an universal function from the ballistic to the localization regime in the various combinations of the parameters α and W.
Introduction
In one-dimensional disordered systems (1DDS) with uncorrelated disorder all eigenstates are exponentially localized and spectrum is pure point [1, 2] . In one-dimensional tight-binding model (1DTBM) it has been numerically known that correlations with power spectrum S ( f ) ∼ 1/ f α (α ≥ 2) generated by Fourier filtering method (FFM) in the on-site potential delocalize the eigenstates and induce localization-delocalization transition (LDT), where f denotes frequency and α is spectrum exponent controlling the spatial correlation [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] . The LDT also depends on the potential strength W controlling the distribution width of the disorder of on-site energy in the 1DTBM. The critical spectrum exponent separating the localized and delocalized states α c (= 2) for the relatively small W scaled by transfer energy. However, the quantum diffusion in the non-stationary region, 1 < α < 2, hardly been investigated so far [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25] Note that the localization of wavepacket dynamics (dynamical localization) is sufficient condition for the pure point spectrum.
In this paper, we focus only on localization phenomena and the characteristics of the localization length in the wavepacket dynamics for α < α c and relatively large W(≥ 0.5).
We report the characteristic α/W−dependences of the dynamical localization length (DLL) of the quantum diffusion of the initially localized wavepacket in 1DTBM with long-range correlated disorder generated by FFM. It should be noted that we deal with parameter regime that the wavepaclet perfectly localized within the accessible numerical calculation. It seems that the time dependence of MSD of the wavepacket changes from ballistic (∼ t 2 ) to localized (∼ t 0 ) as time t elapses when the potential strength W is relatively large and at least for α < α c . It is suggested that the DLL is given as a simple function of the spectrum index α and the potential strength W. Furthermore, the scaled MSD almost obeys an universal function from the ballistic to the localization regime in the various combinations of the parameters (W, α).
This paper is organized as follows. In the next section, we give the 1DDS with the FFM potential. Sect.3 reports about the localization behaviour of the initially localized wavepacket. Summary and discussion are presented in the last section.
Model
We examine the dynamical property of the initially localized wave packet φ(n, t = 0) = δ n,n 0 by the quantum time-evolution;
where n = 1, 2, ..., N, and = 1 through this calculation. We characterize the spread of the wavepacket by the mean square displacement (MSD),
where ... indicates the ensemble average over different disorder. In general, in the long-time limit the time-dependence of MSD can be characterized by diffusion exponent σ as follows;
σ = 0 corresponds to the localization, 0 < σ < 1 to subdiffusion, σ = 1 to normal diffusion, 1 < σ < 2 to superdiffusion, and σ = 2 to ballistic motion. Also, σ = 2/3 should correspond to the metal-insulator transition in 3DDS, whereas σ = 1 and σ = 2 might also be found in 1DDS with the stochastically fluctuation and in the periodic systems, respectively. Disorder of the potential with the long-range correlation is generated by the FFM in the following form [3, 22, 13] :
where α is a spectrum index (α > 0) related the power spectrum
k=0 are random independent variables chosen in the interval [0, 2π] . C(α, L) is the normalization constant which is determined by a condition
We mainly used L = 10 5 , and systemsize N = 2 12 ∼ 2 14 under a condition L > N that does not alter qalitative numerical result. The typical ensemble size used here is 100. The robustness of the numerical calculations has been confirmed in each case.
With this potential sequence, the analysis of the Lyapunov exponent have suggested that the LDT (Anderson transition) for the relatively small W occurs in α c = 2 [5, 6] . In the following we will use α c = 2 as a guideline, and deal with a regime α < α c only to obtain the numerically accurate DLL.
Wavepacket dynamics and Localization

spread of wavepacket
We numerically solved equation (1) to investigate α/W−dependence of the DLL.
Figure 1(a) shows the time-dependence of MSD for various parameter sets (W, α). The results in the case of a periodic se-
2 ) are also shown as a reference in Fig.1(b) . It seems that the wavepacket dynamically localizes at t → ∞. We may note that the MSD evolves from the ballistic-like rise (m 2 ∼ t 2 ) to the complete localization (m 2 ∼ t 0 ), after passing through the intermediate spreading regime, as seen in the double-logarithmic plot in Fig.1(b) . The spread is larger along with the rise in α if the potential strength W is constant. Accordingly, the DLL becomes larger values as the spectrum exponent α becomes larger, and potential strength W becomes smaller.
Localization length
In general, the localization length becomes definite only for the perfect localization (σ = 0), and infinity for σ > 0, in a limit t → ∞. Here, we consider the localization length in the case where the localization can be judged clearly from numerical data excluding the size effect, as seen in Figs. 1. We define the dynamical localization length ξ by MSD as m 2 (t → ∞) = ξ 2 . Then numerically, we use the time-averaged value in the region where the ballistic motion finishes and the value of m 2 is stable enough. Figure 2 (a) shows the W−dependence of the ξ numerically. As seen in Fig 2 (b) , if α is the same, there is a tendency to decay according to the inverse power-law with respect to W. Therefore, we suppose this functional form is
The α−dependence of the positive coefficients c and β are determined numerically by the least squares method. The result is given in Fig.2 (c) and (d), respectively. We can see that if W is relatively small, regardless of α, the power exponent β is roughly 2, and the coefficient c increases exponentially with respect to α. As a result, the result suggests the α/W−dependence of the dynamical localization length for 1 < α << α c as follows;
where k is a positive coefficient determined by the slope of (b). It is consistent with the W−dependence, ξ ∼ W −2 , usually seen in the 1DDS without correlation (corresponding to α = 0) and with the short-range correlationfor the weak disorder limit [17] . Figure 3 (a) shows the α−dependence of the DLL ξ numerically obtained as a time-averaged value from the data in a long time. It turns out to be increased sharply towards α c = 2 as disorder strength W becoms smaller. Figure 3 (b) shows plots for ξW 2 as a function of α to scale changes due to W based on the expression (6). For relatively large W, it seems that the α−dependence of the DLL is roughly scaled by taking a single curve regardless of W in this range 1 < α < α c (= 2). As we can expect, is has been confirmed that the functional form is similar to one given in Fig.2(d) . 
Scaling of Localization Dynamics
In this subsection, we investigate the localization characteristics of the time-dependence of MSD from the ballistic to the localization when W is relatively small and α < α c . We assume that at the critical state the MSD exhibits a ballistic spread characterized by the diffusion exponent σ = 2. In this case, instead of the MSD, we use the scaled MSD with respect to the critical behaviour t 2 . This type of the scaling analysis has been performed to investigate LDT phenomena at the critical point for polychromatically perturbed disordered systems [26] . Fig.4(a) shows its temporal evolution of Λ(t) at various Ws and αs. Indeed, the ballistic spread of the wavepacket has been observed for α > α c [22] . Figure 4 (b) shows Λ(t) as a function of the scaled time t/ξ(W, α) to characterize the localization phenomenon. Here, W/α−dependent localization length ξ(W, α) is determined by the numerical data of MSD. It follows that it roughly overlaps from the ballistic to the localized region. These result suggests that the localization process from m 2 ∼ t 2 to m 2 ∼ t 0 is scaled by one-parameter when the localization occurs.
Summary and discussion
In summary, we have numerically studied the nature of localized property of the initially localized wavepacket in 1DTBM with long-range correlation generated by FFM. As a result, we have found that in the localization region with small spectrum exponent α < α c and/or relatively strong disorder W > 0.5 the time-dependence of MSD changes from ballistic to localized behaviour as the time elapses. The dynamical localization length determined by the MSD has been well scaled by Eq. (6) in the parameter regions. In addition, it has been supported that the time-dependent localization process can be also scaled by the dynamical localization length. According to the self-consistent theory of the localization, it is well known that the critical diffusion at the localizationdelocalization transition point in the d−dimensional random systems is m 2 ∼ t 2/d (d ≥ 3) [27] . If we apply this result formally to d = 1, then the critical diffusion will be m 2 ∼ t 2 at the transition point from the localization to the delocalization in the 1DDS. The above numerical results support this hypothesis.
